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Dynamic Response of Elastically Supported Circular Plates
to a General Surface Load

A. L. SCHLACK JR.,* P. G. KESSEL, t AND W. N. DONGJ
University of Wisconsin, Madison, Wis.

An analytical study is presented for the general dynamic response of elastically supported circular plates with an
initial tension subjected to an arbitrary surface load p(r, 9, t}. The plates are considered to be supported by a Winkler
elastic foundation and elastically constrained against rotation at the outer edge. General natural frequency equa-
tions are presented with numerical values included for the first four modes of vibration plotted as functions of
initial tension and elastic edge constraints ranging from clamped to simply supported edges. The general solution for
forced response is given in an integral form based on Fourier-Bessel techniques with several useful examples
included. Static buckling loads are also included for a range of limiting cases.

Nomenclature
a = plate radius at outer edge
Amn, Bmn = amplitude parameter functions

Cmn,Dmn
A(m, n, t) = surface load integral defined by Eq. (13)
B(m, n, t) = surface load integral defined by Eq. (17)
Amn*, Bmn* = particular solutions of amplitude functions dependent

on p(r, 9, t)
D = flexural rigidity of plate
E = modulus of elasticity
h = plate thickness
/„ = modified Bessel functions of order n
Jn = Bessel functions of order n
k± = Winkler elastic foundation parameter
k2 = rotational spring constant at outer edge of plate
m = number of nodal circles
n = number of nodal diameters
p(r, 9, t) = general surface loading function
Qmn = orthogonality constant
r,0 = polar coordinates
Rmn(r) = radial mode shape parameter defined by Eq. (10)
t = time
T = plate tension
f = magnitude of buckling load for first mode,
w = transverse plate deflection
a00 = eigenvalue for first buckling mode
am«> ymn

 = eigenvalues associated with Jn and In, respectively
/? = edge rotational constraint parameter equal to

v + (k2a/D)
6 = Dirac delta symbol
v = Poisson's ratio
p = mass density
4> = constant angular velocity of circularly moving load
Qmn = circular frequency parameter
o) = circular frequency of applied surface load

Introduction

THE study of vibrations of circular plates has a long history
dating back to 1829 when Poisson1 studied radially sym-

metrical free vibrations, followed by a general solution for free
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vibrations given by KirchofT2 in 1850. Since that time many
authors have considered various special cases of free and forced
vibrations which usually involved either restricting the work to
axisymmetric vibrations or considering only clamped and/or
simply supported edges.

Some of the more recent studies dealing with nonaxisymmetric
vibrations include work by Reismann,3 who determined the
forced response of a clamped circular plate due to an arbitrarily
placed harmonic concentrated force, and Wah,4 who presented
natural frequency data for simply supported and clamped circular
plates under initial tension. In addition, McJLeod and Bishop5

presented solutions for a variety of special cases of forced vibra-
tions of circular plates with simply supported, free, clamped and
sliding circular boundaries. Later, Anderson6 presented a rather
general finite integral transform method for studying the forced
response of circular plates although the effects of initial tension
and elastic constraints were not discussed.

It is the purpose of this analysis to present a general integral
solution based on Fourier-Bessel techniques for the free and
forced response of elastically supported circular plates subjected
to an arbitrary surface load p (r, 0, t), including the effects of initial
tension. The plate is considered to be supported by a Winkler
elastic foundation and elastically constrained against rotation at
the outer edge. The general solution is based on orthogonality
conditions similar to those used by Weiner7 in analyzing forced
axisymmetric vibrations with elastic edge constraints and by
Schlack and Kessel8 in studying the nonaxisymmetric forced
response of circular plates attached to an Euler reference frame
subjected to combined spin and precession. The integral solution
presented may be readily integrated to determine the plate
response for any applied surface loading p (r, 9, t).

General Analysis
Equations of Motion

The homogeneous, isotropic, circular plate of radius a shown in
Fig. 1 is subjected to a uniform radial tension T and is sup-
ported by a Winkler foundation of effective stiffness kr In
addition, the edges of the plate are elastically constrained against
rotation represented by the torsional spring of stiffness k2. The
governing partial differential equation of motion for the plate
subjected to a general transverse surface load p (r, 9, t) is given
according to elementary thin plate theory by

DV2V2w- TV2w + ph(d2w/dt2) + k1 w = p(r, 9, t) (1)
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Fig. 1 Plate geometry and general loading p(r, 6, t).

The boundary conditions at the edge r = a are given by
w = 0

(2)

Thus, simply supported edges are the result of taking k2 = 0 in
Eq. (2) and clamped edges are realized by letting /c2 — > oo in the
subsequent analysis.

Homogeneous Solution
The homogeneous solution of Eq. (1) according to the method

of separation of variables is of the form

(3){Cmn sin n9 + Dmn cos n9} In

where Amn, Bmn, Cmn, and Dmn are constants, Jn and In are Bessel
and modified Bessel functions of order n of the first kind,
respectively, and amM and ymn are related by the equation

Furthermore, the circular frequencies of the plate are given by
Q™2 = (D/PW&Jaf + iT/pty^Jaf + kJph (5)

The boundary condition given by Eq. (2) requiring zero deflec-
tion at the edge of the plate leads to the relationship

The elastic rotational constraint at the boundary which is
expressed by Eq. (2) requires for nontrivial solutions that the
roots am/j and ymn satisfy the equation

(7)mn -MO mn UyJ l-v-(k2a/D)
Thus, the solution to the homogeneous equation can be

expressed as
00 00

m = 0 n = 0

where

A -MO
M I /1*1 y, ,a (9)

The circular frequency Qmw may be determined by Eq. (5) after
the roots am/l and ymn are obtained from the simultaneous
solution of Eqs. (4) and (7).

Forced Response
Using the characteristic functions from Eq. (8), an appropriate

solution for the forced response may be written in the form

= Z Z [Amnsmn9+Bmncosn9]Rmn(r) (10)

where Amn and Bmn are now considered to be functions of time.
Substitution of Eq. (10) into Eq. (1) may be shown to yield the
relationship

(11)
p(r.e,t)

ph
By multiplying both sides of Eq. (11) by Rps(r)sms9 and

applying the orthogonality properties discussed in the Appendix
we obtain

(12)

(13)

where

A(m,n,t) =

and

Qmn = n \ Rmn
2(r)rdr

Jo
Upon integrating Eq. (14) it may be shown that

2 + -̂ -

(14)

' mM
(15)

Clearly, the second set of terms is zero for a clamped outer
boundary as seen by letting k2 -> oo.

Similarly we may write that
Bmn+amn

2Bmn = B(m,n,t) (16)
where

1 2* *
B(m,n,t)= p(rtett){Rmn(r)cosn9}rdrde (17)

The general solutions for the functions Amn and Bmn for an
arbitrary loading p(r, 9, t) are given by

mn

and
(18)

(19)
where

«.* = Q- I A <m> n> ̂  sin Qm« (f ~ T)dl

1
B * =

Q'mnJO
B (m, n, T) sin Qmn (t—T) di

(20)

(21)

and the constants amn, bmn, cmn, dmn are zero for homogeneous
initial conditions.

Thus, Eqs. (18) and (19) in conjunction with Eq. (10) com-
plete the general solution for the response of elastically sup-
ported circular plates subjected to an arbitrary surface load
p(r.0,t).

Eigenvalues and Natural Frequencies
In order to apply the equations of the last section to the

solution of forced vibration problems it is necessary to know
the roots amn and ymn and the characteristic frequency Qmn for
use in the series expansion represented by Eq. (10). However,
before proceeding it is convenient to represent the tension T in



JUNE 1972

nondimensional form by dividing it by the magnitude of the lowest
buckling load associated with each edge constraint constant
/c2, with k1 = 0.

Buckling loads for m = n = 0 can be determined from Eq. (5)
by setting Q00 = 0 and solving for T in terms of a00 for k1 = 0
yielding

Thus, Eqs. (4) and (5) can be rewritten in nondimensional form
as

ymn
2-<xm,,2 = a00

2T/f (23)
and

^'-<^'+H?) + ir (24)

Values of a00
2 are given in Table 1 for the range of values of

k2 considered in Eq. (7), letting ft = v + k2 a/D.

Table 1 Buckling load parameters for m = n = ki = 0
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Fig. 2 Natural circular frequencies for m = 0 (nodal circle) and
n = 0 (nodal diameter).

The results of simultaneous solution of Eqs. (23) and (7) for
the roots amn for a wide range of initial tensions and edge
rotational spring constants k2 are given in Table 2 for m, n = 0,1.
Note that the roots ymn can then be readily determined from
Eq. (23) for each value of k2 considered.

In addition, the nondimensional circular frequencies are
plotted in Figs. 2-5 for m, n = 0,1 vs T/T for a wide range

is different than zero it is necessary according to Eq. (24) to
simply add a^kJD to the corresponding nondimensional fre-
quency parameter represented in Figs. 2-5 to take this factor
into account.

Figures 2-5 shows that in general the circular frequency
increases as the tension is increased and as the elastic edge

of values for k1 taken equal to zero. Note however that all constraint constant k2 increases. Although the curves can be
tensions are nondimensionalized with respect to the lowest
buckling load for each value of k2 according to the values
given in Table 1. If the Winkler elastic foundation constant kl

shown to be slightly nonlinear for the range of variables
studied, they can be approximated by straight lines for design
purposes thus making interpolation easy.

Table 2 Roots amn of Eqs. (23) and (7), where m and n are the number of nodal circles and diameters, respectively

0.3 1.0 10 100

T/T m 0 1

2.0

1.5

1.0

0.50

0.25

0

-0.25

-0.50

-1.0

0
1

0
1

0
1

0
1

0
1

0
1

0
1

0
1

0
1

2.240
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5.420
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5.417
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3.650
6.935
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5.454

2.240
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2.222
5.452

2.198
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2.167
5.449

2.049
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3.753
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3.748
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3.732
6.963
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3.038
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3.480
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4.246
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7.377

4.333
7.386

4.371
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4.466
7.417

2.814
6.108

2.861
6.136

2.927
6.168

3.020
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3.084
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3.165
6.247

3.269
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3.404
6.297

3.794
6.355

4.351
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7.699
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4.661
7.758
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7.744
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7.784
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7.799

4.655
7.814

4.706
7.830

4.833
7.865
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Fig. 3 Natural circular frequencies for m = 0 (nodal circle) and 
n = 1 (nodal diameter). 

Forced Response Examples 
The general forced response of elastically constrained circular 
plates due to an arbitrary surface load is given by Eq. (10) 
where the functions A," and B,, are expressed by Eqs. (18-21). 
In order to further demonstrate the method, in addition to 
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Fig. 4 Natural circular frequencies for m = 1 (nodal circle) and 
n = 0 (nodal diameter). 
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Fig. 5 Natural circular frequencies for m = 1 (nodal circle) and 
n = 1 (nodal diameter). 

presenting useful design results, the particular solutions of Eqs. 
(18) and (19) are presented in the following examples for a 
limited number of representative cases. For convenience homo- 
geneous initial conditions are assumed for these examples. 

a. Concentrated Harmonic Force 
The loading function for a concentrated harmonic force of 

magnitude Pcoswt applied at r = ro and Q = 0 (arbitrary) is 
represented by 

where 6 is the Dirac-delta function. Substituting Eq. (25) into 
Eqs. (13) and (17) and integrating, we have in accordance with 
Eqs. (20) and (21) that the general solutions for the amplitude 
functions A,, and B,, are 

p ( r ,  0, t )  = P cos wt[b(r- r0)6(0)] (25) 

A,,* = 0 

where Q,, is given by Eq. (15) for each pair of roots a,,, y,, 
and R,,(ro) is defined according to Eq. (10) as 

In Eq. (26) the term containing cos R,, t represents the effect 
of free vibration on the displacement and will soon be damped 
out in all prktical systems. Thus they may be disregarded in 
order to determine the steady-state response. 

Accordingly, the steady state response at any point ( r , 0 )  at 
time t is given by 

This solution is a generalization of the work presented in Refs. 3 
and 5 for the response of elastically supported circular plates to 
a concentrated harmonic force P cos wt, where herein the edge 
rotational spring constant k ,  influences Q,", R,, and R,, 
in Eq. (28). Also, the effects of an elastic Winkler foundation 
and initial prestressing are included. 

b. Concentrated Harmonic Couple 
The concentrated surface couple acting vectorially in the plane 

of the plate at r = ro and 0 = 0 (arbitrary) shown in Fig. 6 can 
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Fig. 6 Surface
couple loading

M sin cot.

be conveniently represented by a pair of equal and opposite
concentrated forces P sin cot acting normal to the plate a small
distance AS apart as regularly done for doublet functions.

As a result, we may simply superimpose the responses for
this doublet pair according to the results of the previous
example and take the limit as

AS -> 0 with lirri [FAS] - M
AS-»0

to determine the steady-state response of a circular plate to a
concentrated harmonic couple M sin cot which is given by

\\y-mn a

t - ) > cos rj cos nO —a)\
— Rmn(r) sin v\ sin n0 cos cot (29)

c. Load Moving in a Circular Path
In order to demonstrate the use of this analysis for a moving

load, consider a load P cos cor that travels at constant angular
velocity $ along a circular path of radius r0 about the center
of the plate. The loading function p(r,9,t) for this case is
written

p = P sin cot [d(r - r0)<5(0 - $f )] (30)
where P, co, r0 and $ are constants.

Substituting Eq. (30) into Eqs. (13) and (17) are subsequently
into Eqs. (20) and (21) we obtain the steady-state solutions for
this case given by

A « = o m n o
2phQmn

and

2phQm

^ J

( )

Thus, the steady-state response is given according to Eq. (10) by

= Q y y OP)!" sin (mft -
£0 Qmn

sin rcfl
cos(n<i — co)t

cos (m/> + co)t
(33)

It is particularly interesting to note that resonance occurs
for this circularly moving load whenever Qmn = ±w$±<y where
n = 0,1,. . . oo. Thus, resonance is greatly influenced by the rate
<j) at which the load moves about the center of the plate
and even for a constant load P resonance occurs for

d. Pulsating Uniform Surface Pressure
An important axisymmetric loading consists of a pulsating

pressure p cos cot acting uniformly over a circular region
0 < r ̂  r0. The corresponding load function is given by

(p cos cot;
I 0

0 < r < rn~ 0 (34)

The steady-state solutions of Eqs. (18) and (19) since n = 0
for the axisymmetric case are given by

*=
m°

resulting in the steady-state response
(35)

(36)

where Km0(r) is given by Eq. (10) for n = 0. Note that resonance
occurs for each axisymmetric mode for co = Qm0.

Closure
The analysis presented herein thus provides a unified approach

for determining the free and forced response of elastically sup-
ported circular plates subjected to an arbitrary surface load
p(r,0,t). The general solution for forced response is presented
in such a way that it may be readily applied to a wide
variety of engineering design situations.

The dependence of the natural frequencies on the initial
tension, the Winkler foundation stiffness and the edge rotational
stiffness is shown in Figs. 2-5 for the complete spectrum of
edge constraints from clamped to simply supported for the first
four natural frequencies of the system. In addition, the appro-
priate set of equations for determining higher order natural
frequencies are presented for the complete range of elastic
support constants with the effects of initial tension or com-
pression below the buckling load included.

Appendix
Referring to the table of formulas given by McLachlan,9 the

integral

mn sn

—— 2 , 2
tmn ' ^si?

, 2
* nw sn/ ®-mn ' is

/ (v } I (v ) v 2 — y 2
M V / m M / ^ n v / s n / imn i sn

{ymn in+ i(yrnn)in(ysn)-ysn A,W,,+1(7 Jl
for s ̂  m. The sets of roots ymn, cnmn and ym, asn must each
satisfy Eq. (5) and as a result are related to each other by
the condition

7m/-7sn
2 = «M»2-«sn

2 (A2)
In addition, the boundary conditions at the outer edge of the
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plate require that each set of roots satisfies the respective
equation:

Jn+l(<*mn)
' tmn

or

7sM

Substituting Eqs. (A2, A3, and A4) into Eq. (A I) it is readily
verified that for s^ m

for elastically supported outer edges at r = a for any value of
the rotational spring constant /c2.
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